The interaction between nuclei in the inner crust of neutron stars consists of two contributions, the so-called "direct" interaction and an "induced" one due to density changes in the neutron fluid. For large nuclear separations r the contributions from nuclear forces to each of these terms are shown to be nonzero. In the static limit they are equal in magnitude but have opposite signs and they cancel exactly. We analyze earlier results on effective interactions in the light of this finding. We consider the properties of long-wavelength collective modes and, in particular, calculate the degree of mixing between the lattice phonons and the phonons in the neutron superfluid. Using microscopic theory, we calculate the net non-Coulombic contribution to the nucleus-nucleus interaction and show that, for large r, the leading term is due to exchange of two phonons and varies as 1/r 7 : it is an analog of the Casimir-Polder interaction between neutral atoms.
I. INTRODUCTION
In the inner crust of neutron stars, neutron-rich atomic nuclei coexist with a neutron fluid in addition to the background of electrons which ensures electrical neutrality. Consequently, there are contributions to the effective interaction between nuclei due to the presence of the neutrons outside nuclei, in addition to the screened Coulomb interaction. These interactions determine frequencies of collective modes of the crust [1] [2] [3] and it has been suggested that they could alter the equilibrium lattice structure [4] . In addition, they are an important ingredient in calculations of dynamical phenomena.
The approach in this article is to use thermodynamic reasoning, as was done in the case of dilute solutions of 3 He in superfluid liquid 4 He [5] . An important difference between the present problem and that of liquid helium mixtures is that the translational kinetic energy of the nuclei is relatively unimportant and one may work in terms of an effective potential between nuclei that depends on their positions. For helium mixtures, the fact that 3 He atoms have a mass comparable to that of the 4 He atoms means that it is more natural to work with quantum-mechanical eigenstates in which the 3 He atoms are not localized in space but are spread out over the whole of the system.
In many-body physics it is common to express the effective interaction between particles as the sum of two terms, a 'direct' interaction, which represents the energy change when the average particle density is held fixed and an 'induced' interaction, which results from changes in the average density [6] . In the thermodynamic approach to effective interactions we shall demonstrate that at large nuclear separations these contributions are nonzero, equal in magnitude but opposite in sign: thus they cancel exactly. This paper is organized as follows. In Sec. II we review the thermodynamic approach to effective interactions in two-component systems and describe its implications for the spatial dependence of the interactions. We then analyse the results obtained from the calculations of Lattimer and Swesty [7] in the light of these findings. Velocities of long-wavelength collective modes are calculated in Sec. III. The formalism employed in Refs. [2, 3] is based on the traditional formulation of the two-fluid model for superfluidity [8, 9] , in which one works with the velocity of the normal component (a contravariant vector) and the so-called superfluid velocity (a covariant vector), and we comment on how this is related to a treatment in terms of two covariant vector quantities, as is more natural in the context of a mixture of two superfluids, such as may be anticipated to occur in the outer core of neutron stars. There are two longitudinal modes, which may be thought of as hybrids of lattice phonons and the BogoliubovAnderson mode of the neutron superfluid. We give numerical results for the degree of hybridization, which is an important ingredient in calculations of the damping of modes. We show that the hybridization is rather sensitive to the neutron superfluid density, a quantity whose magnitude is rather uncertain. Section IV contains a microscopic calculation of the interaction between nuclei and we show that the long-range part of the interaction is attractive and varies as 1/r 7 [10] . Section V contains concluding remarks, and in the Appendix we give an explicit example of the cancellation of direct and induced interactions in a model of matter in the inner crust in which Coulomb and surface effects are neglected.
II. BASIC CONSIDERATIONS
Locally, the densities of nucleons are inhomogeneous because of the presence of the nuclei and it is convenient to work in terms of the average densities of neutrons, n n , and of protons, n p . We shall assume that matter is electrically neutral and therefore the electron density n e is equal to n p . In the inner crust, protons are all in nuclei and therefore the density of nuclei is given by n N = n e /Z, where Z is the proton number of the nucleus. We shall examine how the energy density E(n n , n p ) depends on the densities of neutrons and protons, and in making variations, we shall assume that Z remains constant. To change the atomic number of a nucleus at low temperature is a slow process, since it requires a major reorganization of the protons: either a nucleus must disappear by its individual protons being absorbed by other nuclei, or a nucleus can be created by, say clustering of one or more protons removed from each of a number of initial nuclei. Such processes are strongly inhibited by the high energy barriers required to eject many protons from nuclei. In addition, calculations indicate that the equilibrium value of Z in the inner crust is rather insensitive to density [11] [12] [13] [14] [15] [16] . It is therefore reasonable to assume that nuclei do not appear or disappear except on very long timescales. We shall also neglect weak interaction processes, since the timescale for establishment of thermal equilibrium is short compared with weak-interaction timescales.
For a binary mixture consisting of two components 1 and 2, the condition for the system to be stable to small density inhomogeneities is positive definiteness of the second order perturbation of energy, represents the energy reduction due to changes in n 1 . This has the expected form for such an interaction: the square of the coupling between the two components, E 12 , multiplied by the density-density response function for component 1, which in the long-wavelength limit is given by −∂n 1 /∂µ 1 = −1/E 11 . The induced interaction may be rewritten in a form familiar from the theory of dilute solutions of 3 He in liquid 4 He as [5] 
where
is the number of component 1 added when a single "particle" of species 2 is added at constant µ 1 . The left hand side of (4) may be written more compactly since
where the chemical potentials of the components are given by
The identity (8) follows directly from the fact that
and
An advantage of working in terms of µ i rather than n i is that the second order change in the energy density is given by
which has no cross terms.
A. Spatial dependence of interaction
In studying dilute solutions of 3 He in liquid 4 He it is customary to work in terms of states in which 3 He atoms are in states that are spread throughout the volume of the system. For applications to nuclei in neutron stars, the mass of the nucleus is typically 100 or more times that of a neutron, and the kinetic energy associated with the translational motion of the nucleus is unimportant. Consequently it is meaningful to consider the interaction between nuclei with definite positions and we now examine the induced interaction from this viewpoint.
As a simple example, let us consider the interaction between two voids (component 2) of volume v 2 in a quantum liquid, component 1. For the moment we imagine the particles in the liquid to be uncharged and we shall consider the effects of the Coulomb interaction later. We shall also neglect the surface energy associated with the void. When one void is created in the liquid, keeping the total number of particles and the volume of the system fixed, the fractional increase in the density of the liquid over the whole of space except for a region in the immediate vicinity of the void is approximately v 2 /V, where V is the volume of the system. The energy to create a second void even very far from the first one will be greater than that to create the first one since the density of the liquid even far from the first void is greater than when there is no void. The extra energy required to add the second void compared with the first one is the direct interaction between the two voids.
For a simple quantitative model, we calculate the energy of the system by imagining that the effect of adding a void is simply to reduce the volume available to the liquid by an amount v 2 . Thus the volume available to the liquid is V − N 2 v 2 and the total energy E of the system with N 2 voids is given by
where E 0 (N 1 /V) is the energy density of the liquid with no voids. The energy of interaction between two voids in a fluid of 1-particles is
which, when expressed in terms of energy densities and particle densities, is
When the positions of the voids are regarded as fixed, there are no kinetic contributions to E 22 , which is thus the direct contribution to the effective interaction. We now turn to the induced interaction, Eq. (6). The quantity ν, Eq. (7) is −n 1 v 2 , because addition of a void at constant µ 1 results in the loss of n 1 v 2 1-particles in the volume of the void [17] . Thus one finds
Consequently the induced interaction precisely cancels the direct interaction in this model,
In the simple model of voids in a quantum liquid, the cancellation of the direct and induced interactions is easily understood by noting that the effective interaction represents the extra energy required to add, at fixed µ 1 , a second void compared with that to add the first one (cf. Eq. (12)). Since the energy of a void depends only on µ 1 in this model, irrespective of the number of voids, the total energy of the system is linear in the number of voids and consequently the total interaction of any pair of voids, ∂µ 2 /∂n 2 | µ1 , vanishes.
B. Nuclei in a neutron fluid
We turn now to the case of nuclei in a neutron fluid, and we begin by neglecting the Coulomb interaction and the charge-neutralizing background of electrons. The most widely used models of nuclei in the inner crust of neutron stars are based on the liquid drop picture, with the energy given as a sum of a bulk energy of matter inside nuclei, a bulk energy of the neutrons outside nuclei, and a surface contribution. For such models it is immediately apparent that the total effective interaction between nuclei vanishes, provided the nuclei do not overlap. The result is even more general, since it does not depend on how the interior of the nucleus is described: the only requirement on the model is that the energy of the neutron fluid outside may be treated as a uniform fluid with chemical potential µ 1 . In Appendix A we derive explicit expressions for the thermodynamic derivatives when surface effects are neglected and show that condition (17) is satisfied.
We now investigate the results of calculations of the quantities E ij for matter in the inner crust in the light of these findings. The approach of Lattimer and Swesty [7] is based on a liquid drop model and therefore the direct and induced interactions should satisfy the identity (17) if Coulomb effects are neglected. In the calculations of Ref. [7] , Coulomb effects enter in a number of places. First, they ensure that the average electron and proton densities are equal, and thus the electron density is changed when the proton density is altered. This contributes to E pp an amount
Here E e is the energy density of the non-interacting electron gas and n e the electron number density. The final result in Eq. (18) is for ultrarelativistic electrons, for which E e ∝ n 4/3 e . Second, the Coulomb energy of the lattice of nuclei changes. In the approximation that the unit cell may be taken to be spherical, the Coulomb energy of the lattice per unit volume is
where n N is the number density of nuclei and r c is defined by the equation o is the neutron density outside nuclei, x in is the proton fraction of matter in the interior of nuclei, u is the volume fraction of a nucleus in a unit cell, A (Z) is the number of nucleons (protons) in a nucleus. single nucleus immersed in the neutron fluid. The electrostatic energy of the protons in a nucleus interacting with themselves gives a contribution to the energy which is linear in the number of nuclei and it therefore does not contribute to E pp . There is a correction to the Coulomb lattice energy due to the fact that the proton distribution in a nucleus is extended rather than point-like and this does depend on the density of nuclei. However this is a numerically small effect except at densities close to the crust-core boundary and we shall neglect it.
Since
.
(20) We now examine the results of Ref. [3] . These are shown in Table 1 , where we have corrected a numerical error in the original paper. To estimate the contribution of nuclear forces to the thermodynamic derivative, we must remove the effects of the Coulomb interaction. These are greatest for E pp , because the Coulomb interaction forces the electron density to be equal to the proton density, thereby giving the dominant contribution ∂µ e /∂n e to E pp . In addition, the energy of the Coulomb lattice of nuclei contributes −0.05337 (Z/40) 2/3 ∂µ e /∂n e to E pp . It is more difficult to make simple estimates of the Coulomb contributions to E np , but we expect these to be relatively small since the Coulomb energy per proton in a nucleus is small compared with the proton chemical potential, ∼ −50 MeV [18] .
As an example, we consider the case of a density of 10 −2 fm −3 . We estimate the contribution to E pp from nuclear forces by removing the electronic and lattice contributions and find 
Extracting the nuclear contributions to E np and E nn from results for the calculations of Ref. [7] is a more difficult task, but we expect the effect of turning off the Coulomb interaction to be much less dramatic than for E pp . We therefore compare E nuc pp with the magnitude of the induced interaction calculated without removal of Coulomb effects, E 2 np /E nn , and define the quantity
If the direct and induced interactions exactly cancelled, this ratio would be unity, and for the case considered here, it is 1.335, indicating a large degree of cancellation between contributions. We attribute the fact that this ratio is not unity to the fact that Coulomb contributions have not been removed from E np and E nn . The parameter Γ is calculated for other values of the baryon number density in Table I , and the results are of the same order of magnitude across the inner crust.
III. COLLECTIVE MODES
In Ref. [3] we calculated velocities of collective modes in terms of the interactions between nucleons and the superfluid mass density n s n of the neutrons. The formalism presented there is based on the standard treatment of the two-fluid model [8, 9] , and the basic variables are the densities of protons and neutrons, the displacement of an ion (and the corresponding velocity, v i ) and the so-called superfluid velocity, v s = ∇φ n /m, where 2φ n is the phase of the superfluid order parameter. As has been stressed by various authors, the two velocity variables have different characters, since v i is a contravariant vector while v s is a covariant vector [19] . A great advantage of this treatment is that it makes obvious from the outset that just one additional density variable, the superfluid density, is required to characterize the superfluid state. In the core of neutron stars, where both neutrons and protons may be superfluid, it is natural to use a more symmetrical approach, in which one works with the gradients of the phases of the superfluid order parameters of both neutrons and protons. The equivalence of the two approaches will be demonstrated explicitly elsewhere [20] .
We now discuss the physical nature of the modes following Ref. [3] . When the nuclei are stationary, the velocity of sound in the superfluid neutrons is given by
where n s n is the neutron superfluid number density. When the superfluid is stationary, the velocity of longitudinal lattice phonons is given by
Here we have included the effects of the shear rigidity of the lattice. We assume that the lattice is polycrystalline with crystallites having a size small compared with the wavelength of the mode and, consequently, the shear elastic properties are isotropic, and we denote the shear elastic constant by S. The normal mass density ρ n = m(n p + n n n ) is the total normal mass density [21] , where n n n = n n −n s n . More generally, these two modes are coupled and their velocities v = ω/q satisfy the equation
where the strength of the hybridization of the two modes is determined by
There is significant cancellation in the two terms in the expression for v 2 np since E np is negative and typically lies between −2E nn and −5E nn : as a consequence, hybridization is weak. Explicitly, the mode velocities are given by
In Table II Table I . For the neutron superfluid density, we took it to be the density of neutrons outside nuclei, n o n . Plots of the mode velocities are given in Fig.  1 . The quantity
is a measure of the mixing of the uncoupled modes with velocities v p and v n . In terms of this variable, the ratio of the amplitude of the uncoupled proton and neutron modes in the mode with velocity v − is
The mixing is thus typically of order 10% in the amplitude or 1% in the probability except close to the crustcore boundary where the two uncoupled mode velocities cross. In Ref. [2] estimates of the hybridization of the two modes have been made with the neutron superfluid density being given by the results of Chamel's calculations [22] . We have also made calculations with values of n s n given in Ref. [22] , which for densities n ≈ (1 − 5) × 10 Table III . The hybridization is generally much greater than for the choice n s n = n o n , which will result in a considerably larger Landau damping of phonons in the neutron superfluid. The four highest density values are close to the crust-core boundary, where the basic model of spherical nuclei fails, and thus the results cannot be regarded as physically meaningful.
IV. MICROSCOPIC THEORY
We now consider the effective interaction between nuclei from a microscopic point of view. Consider for the moment two impurities inserted into an initially uniform quantum liquid. In the usual formulation of perturbation theory one works with the grand potential, Ω(µ) = E − µ N , where E is the energy of the system, µ is the chemical potential and N the number of particles. Changes in Ω given in terms of linked graphs. The single-impurity energy given by all graphs in which a single impurity is coupled to the excitations of the liquid, and the two-impurity interaction is given by all linked graphs in which excitations of the liquid propagate between the two impurities. For a normal Fermi system, the simplest contribution to the energy of a single impurity is the Hartree term, represented for a normal Fermi system by the graph shown in Fig. 2(a) , and the simplest example for the interaction of two impurities is the graph shown in Fig. 2(b) , which gives the analog for density perturbations of the Ruderman-Kittel interaction between spins. More generally, interactions between the particles in the quantum liquid will give rise to more complicated contributions and the sum of connected graphs connecting the two impurities gives the extra energy required to add the sec- Ratio of the hybridization parameter λC when the neutron superfluid density is that obtained in Ref. [22] , and the hydridization parameter
n ) when the neutron superfluid density is equal to the neutron density outside nuclei. ond impurity minus the energy to add the first impurity, when the chemical potential of the quantum liquid is fixed. Thus, for short-range interactions, this interaction energy tends to zero for large separations, unlike the direct and induced interactions in the thermodynamic formulation. For definiteness, let us consider the interaction between two impurities in a superfluid Fermi liquid, for which the relevant long-wavelength degrees of freedom are (Bogoliubov-Anderson) phonons. The simplest contribution to the interaction between impurities is represented by the graph shown in Fig. 3(a) , where the wavy line represents a density-density response function in the medium and a cross denotes an impurity. In coordinate space this interaction is given by the Fourier transform of the density-density response function if one neglects the form factor for the scattering of a fermion by the impurity and, consequently, the spatial range of this term is of order the interparticle separation of the fermions.
There is a longer range part of the interaction due to the exchange of two or more phonons, as shown in Fig.  3(b) . As explained in the context of helium mixtures [23] , the vertex for an impurity to scatter a phonon or create two phonons is made up of a number of contributions, as shown in Fig. 4 , where we now indicate the impurity by a line rather than just a cross to indicate that the impurity may be mobile, as well as have internal degrees of freedom such as vibrational modes. In the case of electromagnetism, when the exchanged excitations correspond to photons or the Coulomb interaction, such processes lead to the van der Waals and Casimir-Polder interactions [24, 25] . In general, the vertex is related to derivatives of the energy of a nucleus, its effective mass and the sound velocity with respect to the neutron density. These derivatives have not yet been evaluated for the inner crust, so we shall, for illustration, consider only the term in Fig. 4 (a) and neglect dependence of the effective mass on neutron density. The energy of a nucleus to second order in changes in the neutron density may be written
where N is energy to add a single nucleus to the neutron fluid. The neutron density operator is related to phonon creation and annihilation operators by the equation
where s is the sound velocity in the neutron superfluid and n n the neutron number density. For simplicity we work in units for which = 1. The interaction energy due to two-phonon exchange between two nuclei separated by distance r by second-order perturbation theory and has the form
where the factor kk comes from Eq. (32) and the s(k+k ) is the energy denominator. On performing the angular integrations, this equation becomes
With the use of the identity ∞ 0 dσe −σ(k+k ) = 1/(k + k ) and rescaling k and σ one finds
n n 4π 2 ms
The integral in square brackets is (−2 + 6σ
from which it follows that
where we have reinserted . This of the Casimir-Polder form.
To obtain a rough estimate of g we adopt a model of the nucleus as a hard sphere of volume V N . The energy to add one nucleus to a uniform neutron fluid is then V N P (n o n ) and therefore
where P (n o n ) is the pressure of the neutron fluid. Since dP = n n dµ n at zero temperature, it follows that
If the neutron fluid is treated as a noninteracting Fermi gas, P varies as (n o n ) 5/3 and µ n as (n o n ) 2/3 , and it follows that
For nuclei in the inner crust, the nuclear radius r N is ∼ 6 fm and therefore when the two nuclei touch (r = 2r N ), V 2 is on the keV scale. This is small compared with the Coulomb energy of two nuclei at this separation, Z 2 e 2 /(2r N ) ∼ 10 2 MeV. This indicates that it is a good first approximation to neglect the Van der Waals interaction compared with the Coulomb interaction.
In this calculation we have considered the interaction between two nuclei in an otherwise uniform neutron fluid, which should be a good first approximation at densities not too far above that for neutron drip. However, closer to the crust-core boundary, it is important to take into account interactions between three or more nuclei, which will give rise to band-structure effects on the exchanged phonons.
V. CONCLUDING REMARKS
One of the main conclusions of this article is that, when the Coulomb interaction between nuclei is neglected and in the static limit, the induced interaction between two nuclei in the inner crust of a neutron star is exactly cancelled by the direct interaction in any model in which the energy of a nucleus is a function only of the density of the surrounding neutrons. The cancellation is rather general, and in Appendix A we have demonstrated it explicitly for a model in which surface effects are neglected.
This cancellation points to the need to investigate in greater detail the spatial dependence of the interaction between nuclei, and as a first step we have shown that at large distances the total interaction between two nuclei is attractive and of the Casimir-Polder form, ∼ 1/r 7 , due to exchange of two phonons. At smaller separations there are contributions to the interaction due to exchange of higher numbers of phonons. More generally, when the energy exchange between the two nuclei is nonzero, the cancellation of the two contributions will be incomplete because of the nonzero time required for the neutron density to respond to a change in the configuration of the nuclei. Our rough estimates of the size of the CasimirPolder interaction suggest that it is considerably smaller than the direct Coulomb interaction between nuclei and therefore it seems unlikely that it can destabilize the lattice, as suggested in Ref. [4] .
Our calculations of collective modes show that results for the degree of hybridization of lattice phonons and phonons in the neutron superfluid is very sensitive to the neutron superfluid density. This implies that estimates of Landau damping of the phonons in the neutron superfluid also depend on the neutron superfluid density. A challenge for the future is to calculate the neutron superfluid density taking into account both band-structure effects and pairing.
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Appendix A: Thermodynamic derivatives for the bulk equilibrium approximation
Here we give an explicit example of the calculation of the derivatives E ij for the case of two coexisting bulk phases, one consisting of pure neutron matter with density n o n and pressure P o and the other with nuclear matter with neutron density n i n , proton density n i p and pressure P i . In this calculation we assume electrons to be absent and neglect the Coulomb interaction. We denote the fraction of space occupied by the proton-rich phase by u. For the two phases to be in equilibrium, the neutron chemical potential µ n in the two phases must be equal and the pressures must be equal. When the densities of neutrons and protons in the two phases change, the condition for the pressures of the two phases to remain equal is
where we have already used the condition that in equilibrium the neutron chemical potentials inside and outside nuclei must be equal. It therefore follows that along the coexistence line,
The change in the total neutron density is given by
and that of the proton density by
At fixed n p it therefore follows that
and, from Eq. (A4),
To linear order, one can write
where Ω 
The matrix Ω i ij is the negative of the inverse of E i ij , where the subscript i indicates that the quantity is to be evaluated for matter inside nuclei.
Since the ratio of changes in chemical potentials is given by Eq. (A3), it follows that E np = ∂µ p ∂n n np = −νE nn .
Next we calculate the changes in the proton and neutron chemical potentials when the number density of neutrons is held fixed. The condition for constancy of the neutron density is δn n = uδn 
Since the changes in the number densities are given by Eq. (A8) and the changes in the chemical potentials are related by Eq. (A3), one finds
In addition, the result for the mixed derivative obtained from calculating ∂µ n /∂n p agrees with Eq. (A10), as it must on general grounds. From Eqs. (A9), (A10) and (A13) one sees that E nn E nuc pp − E 2 np = 0.
